CALIBRA TION OF RIVER BED ROUGHNESS

A. M. WasanthaLal 1, M. ASCE

SingularvaluedecompositiorfSVD) is usedto calibratethe Manning'sroughness
coeficientsin a 1-D unsteadyflow modelof the UpperNiagaraRiver. The method
is usedto solve for the parametersfterformulatingthe calibrationproblemasa gen-
eralizedlinear inverseproblem. SVD is usefulin solving underdetermined,over
determinedor even-determinegroblems,and can provide informationto compute
matricesdescribingparameteresolution,covarianceand correlation. This informa-
tion is usefulin identifying theimportantparametegroupsin the model. Calibration
is repeatedvith differentnumbersof parametegroupsto determinethe variation of
the outputerroranduncertaintyof the parametersvith the parametedimension.For
purpose®f comparisonthe modelwith a selectedyroupof parameterss calibrated
usingGauss-Neton methodandminimaxmethods.The studyshawvs therelationship

of the parameterso thegeometridayoutof theriverandthe gagingstations.

INTRODUCTION

Problemsnvolving mathematicainodelsarecateyorizedasdirectproblemsandinverseprob-
lems. In direct problems,everythingaboutthe modelis known, andthe objective is to find the
systemoutputfor a giveninput. Inverseproblemsare classifiedasidentification,detectionand
statereconstructiorproblems. Calibrationis an inverseproblemassociatedvith identification,
andis usedto determineunknowvn constant®r parametergn amodel.

Direct or explicit parameterdeterminationis not possiblein mary nonlinearproblems,in-
cluding unsteadyriver flow networks. Indirect methodsbasedon an output error criterion are
commonlyusedto determinebedroughnesparametergeratively. Algorithmsusedin calibration
generallyincludemethodshasedn mathematicaprogrammingpptimal controlor trial anderror
techniqguesA summaryof calibrationmethodsusedin groundvaterproblemsis givenin the text

by Willis andYeh(1987).Althoughthereis theoreticallyaninfinite numberof spatiallydependent
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bedroughnesparameter ariver network, only afinite numberexistsin a computemodeldue
to spatialdiscretizationusedwith finite differenceor finite elementmethods. Out of this finite
number only alimited numbercanbeidentifiedin mostinverseproblems(Beck,1987). Thecur
rent studyinvestigateshe useof SingularValue DecompositionSVD) to studyparametersn a
river network model. Theresultsarealsousedto form parametegroupsto simplify the problem
andavoid gettinga severelyunderdeterminedystemsThe studyshavs thatsomeof the parame-
ter groupscanalsobeassociateavith the geometridayoutof theriver network andthe placement
of obsenationstations.

When identifiability is not a problem, popular methodsof calibrationusedin the pastfor
openchannelproblemsinclude methodsby Becker andYeh (1972),YehandBecler (1973),and
Fread,etal. (1978). Relatedapplicationsinclude calibrationof surfaceirrigation parameterdy
Katopodesetal. (1990). Error criteriacommonlyusedin the calibrationarebasedon minimiza-
tion of the sumof squareof the errorsin calculationsthe maximumabsoluteerror or the bias.
Fread(1978)useda methodbasedon minimizationof the bias,which requiredbreakingdown of
the river into a numberof single channelreacheseforecalibratingeachreachseparately The
Kalmanfiltering methodusedby Chiu, etal. (1978)is alsoa valuabletool in calibration,adopted
from optimalcontroltheory

The SVD methodhasbeenpreviously usedby Wiggins (1972)andUhrhammer(1980)to cal-
ibrate seismologicparameters.Text by Menele (1984) gives a descriptionof inversemethods
usedin solving geophysicaproblems.The objectivesof this studyincludesdeterminatiorof the
structure accurag, andthe optimumparametedimensionin theriver network model. Parameter
covarianceandcorrelationmatricesarealsodeterminedn the study The calibrationis repeated
using optimization methodsbasedon the Gauss-Neton methodand the minimax methodsfor

comparisorof results.



THEORETICAL CONSIDERATIONS
The theoreticalderivation of the equationsrequiredfor calibrationassumeghat the numerical
modelto becalibratedcanberepresentedsa continuougunctionof themodelparameterfocally
within the usefulrangeof the variables. If y‘f are the valuesof statevariablesor water levels
simulatedby the modelat timesk at locationsj, and if Yjk arethe physicalobsenationsof the
samevariablestheobjectve of thecalibrationis to find parameters;, i = 1,2, ..., n thatminimize
theerrorseX = yk— vk, j=1,2,...,m k= 1,2,...,1, usinga specifiedcriterion. n = numberof
parametersn = numberof obsenationstations;andl = numberof time steps.
Theinfluencecoeficient method(eg., Becker andYeh, 1972)usesparameteperturbationgo

defineinfluenceor sensitvity coeficients.

O KOG ax) — YK
a == |
0% -0 AX

foreach i=1,2---,n, j=21,2,---.m k=1,2,---,1 (1)

in which, a'j‘i = sensitvity of the j th waterlevel with respecto i th parameteattimek; x; = i th
parameterk = time stepnumber;l = numberof time steps.Usingmatrix notation,(1) canalsobe
expresse@s

WY = Al XKy 1 (2)

in which, thematrix A is calledthe influencematrix. The superscripk is usedto identify the
time step.

Numericalcomputationof influencecoeficientsis carriedout by perturbingeachof the pa-
rameterdy asmallamountAx;. For the currentcalibrationof Manning’s coeficients,Ax is 0.001.
If n parametersrecalibratedthe modelis runn+ 1 timesto obtainall the m x n elementof the

sensitvity matrix.

Generalizedlinear inverseproblem
The methodusedby Wiggins (1972),Ward et al. (1973)andUhrhammer(1980)to solwve linear
inverseproblemsis usedin the currentstudy Sincethereis atime seriesof errorsat every gage,

biasis usedastheerrorindicator andtherearem errorindicatorsfor the problem.
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in which, esj = averageerror or biasat gagej, which is s in vectorform. The correctionsin
parameteré&x neededo make e = 0 canbe determinedoy equatingaveragemy of (2) to -es and
solvingfor mx. Theresultingsystemof linearequationsanbe expresseas(Wiggins1972,Ward
etal. 1973).

1 1/ .
l—Za'j‘prp:—l— Z(y‘j‘—ij) for j=1,2,....m, p=12...n (4)
K=1 k=1
or, in matrix form,
ANAX = —¢& (5)
in which,
14 1Ll
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Thecorrectedsetof parameterso beusedin the next iterationare
Xr+1 = Xr + prAXr (7)

subjectedo

Xrib < Xr+1 < Xrub (8)

in whichr is theiterationnumber;p, = parameteusedto controlthe stepsize;ub, |b arespecified
upperandlower boundvalues. p; = 0.8 is usedin the currentstudy The iterative procedures
continueduntil ||&g||2 corverges,and||mx||> becomesmall (||mx/x|| < &) in which d = machine
precisionof the computeror a largervaluedependingn therequiredparametetolerance.
Themequationshavnin (5) canbesolvedeasilyusingmethodsuchasGaussiarelimination
if m=nanddetA # 0. Whenm > n, the problemis overdeterminedandthe leastsquaresnethod
leadsto the solutionx = —(ATA) 1ATes aslong asdetAT A # 0. Whenm < n, the problemis
underdeterminedindthe generalizedr Penrosénversesolutionis x = —AT (AAT)1es aslong
asdetAA T # 0 (NobleandDaniel, 1975).Noneof thesesolutiontechniquesanbeusedwith rank
deficientor ill-conditioned matrices. The sensitvity matrix becomegank deficientif thereis at
leastone parametethathasno significantinfluenceon the ary of the selectecbbsenations,or if
thereis at leastone obsenation stationthatis not sufficiently affectedby arny of the parameters.
SingularValueDecompositior(SVD) is capableof solvingunder over, evenor mixeddetermined

problemsasexplainedin detailby Menele (1984).
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SVD is basednthekey theorenthata matrix As canbedecomposehto threematricesv, A
andU suchthat
As=UAVT (9)

in which U andV arem x m andn x n matricesof orthogonalsingularvectorsand A = mx n
diagonalmatrix of singularvaluesof As. Texts by NobleandDaniel(1975),Forsytheetal. (1977)
andPress.et at., (1989) give detailedinformation aboutthe method. With symmetricmatrices,
SVD giveseigervaluesandeigervectors.

Thephysicalmeaningof thetermsandexpression®f the SVD methodareexplainedusing(9)
and(10). SVD essentiallydiagonalizeghe sensitvity matrix. After the decompositionsingular
vectorsof length n formed by the columnsof V give coeficients of the linear combinationsof
old parametergiving rise to new independenparametegroups. Singularvectorsof lengthm
formedby columnsof U give coeficientsof the linearcombination®f obsenationsforming nev
obsenationsgroups.The new independenparametegroupsarerelatedto groupsof obsenations
throughthe diagonalelementsn A. Both newly formed obsenation and parametegroupsare
independenbf eachother becauseof the orthogonalityof matricesV andU. Singularvalues
forming the diagonalsensitvity matrix A relatetheseparametegroupsto obsenationsgroups.
Thenumberof nonzerosingularvaluesq in A is therankof As. It givesthe maximumnumberof
independenparametegroupsthatcanbeidentifiedin the model.

SVD canbeusedto solve the systemof equationshown in (5). Thesolutionmethodreplaces
the previously mentionedmethodsfor m=n, m< n, m > n or mixed determinedoroblems. It
works evenif the matricesinvolved are singular(Menele, 1984). The solutionto the systemof

equationshawvn in (5) is obtainedby decomposing\s into As = UAV. (5) thenbecomes

NAz=—d (10)
in which,
Az=VTAx, and d=UTg (11)
Thesolutionto (10) canbewritten as
1T
Ax=—V[(3)](U &) (12)



in which A arethe diagonalelementsf A. If atleastoneA; is zeroor closeto zerosuchthatthe
valueis dominatedby the roundof error, the matrix is singular Whenthis happens1/A values
correspondingo A falling belov a small cutoff value areall replacedby zeros(Forsythe,et al.
1975, Press,1989). It canbe shavn that SVD determineghe mx for a problemthat minimizes
||mx||2 and||es||2. The solutionundertheseconditionsis unique,andincludesthe Gaussianleast
squareandPenroseasesnentionedbefore.

Thecutoff level or thesmallestsingularvalueAyn in (12)is usefulin controllingthedataerrors
in thesolution. If it is small,1/A becomegoo large,anderrorsin the solutionwill beblown out of
proportion.In anonsingularmatrix, Amin is relatedto the conditionnumber Ayax/Amin. A matrix
is ill-conditionedif it is too large, or thereciprocal Arin/Amax @approachefioating point precision
d. For singleprecisionoperationsd = 10~° for mostcomputersandthe minimum cutoff possible
is O X Amax- Sincedataerrorcancauseunnecessargrrormagnificationsat smallcutoffs, ad value
of 10~2 wasusedin the currentproblem. Even larger values(10-2) werefoundto be sufficient
duringinitial iterations.Methodsof smoothinghe cutoff have beendiscusse®Viggins(1972)and
Uhrhammer(1980).

The U andV matricescreatedby SVD cangive additionalinformation aboutthe parameter
behaior. Thefollowing expressiongivesanideaaboutthe parameteresolutionin the computer
model(Wiggins,1972):

Parametespaceesolution, R =VV ' (13)

Relative size of the elementsof R show relative resolutionor independencef the corrections
to the parameters.If the parameterare finely resoled, this matrix is expectedto be closeto
unity. If the parametersrenotindividually resohable but areresohableasgroups,the problem
is characterizedhy compactresolution shaving squareblocksor groupsof dominantelementsn

the matrix. Covarianceof the estimategparameterss definedas(Willis andYeh,1987)
Y= cov( X) :E{()?—f()()?—f()T} (14)

in which Yis the parametecovariancematrix which canbe computedaso %(Al Ag)~! whenthe
determinanof (Al Ag) 1 is not zero. 6% = errorvarianceat the output. Whenthe matrix is ill-

conditionedthis methodfails. However, thefollowing expressiorderivedusingtheresultsof SVD
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givesthecovariancematrix for bothsingularandnon-singulasensitvity matricegWiggins,1972,

Uhrhammer1980):
2

o
N2

A valueof 1 is usedfor a2 to obtaintherelative valuesin the matrix elementsUhrhammer(1980)

Covariance Y2 =V—_V' (15)

referredto the covariancematrix asthe uncertaintymatrix, anduseda dampingparameteto damp
outthe effectsof smallsingularvalueson 1/A duringa sharpcutofi. In the currentstudy a sharp
early cutoff Amin (= 10-3) assuggestedby Wiggins (1972)is usedfor simplicity.
Thecovariancematrix canbe usedto obtainthe correlationmatrix (Uhrhammer1980)
i
YiiYi,i

Correlationamongparametecorrections, pﬁj = (16)

Correlationamongparametercorrectionsis usefulin determiningthe dependencef parameters
and parametegroups. If thereare parametershat are dependentisa group, andasa groupif
they areindependenfrom othergroupsreflectinga block form in the matrix, calibrationcanbe
simplified by castingthesegroupsassingleparametersThe correlationmatrix, resolutionmatrix,
andVT areusedin the currentstudyto understandindisolatethe groupsof parametersThese

groupscanalsoberelatedto the layoutof theriver network andgagepositions.

Gauss-Newtonmethod

The Gauss-Neton methodas discussedy Willis and Yeh (1987) considersthe identification
problemasan optimizationproblemaimedat minimizing outputerrors. This methodcannotbe
usedwith underdeterminedystemsm < n) or systemswith rankq < n. It is usedin the study
as an alternatve methodto calibrategroupsof parameterselectedto satisfy theseconditions.
Whenusingthe method,the objective is to determineparameters;,i = 1,2, ...,n suchthatthe
summatiorof the square®f the errorsis a minimum, subjectedo parameteconstraintggivenby

(8). Thesumof square®f errorsis definedas
m | Koo
j=1k=1

over all thegagesandall thetime steps.Thew; x areweighingfactorswhich areassumedo be 1

for the currentproblem.The parametecorrectionghatminimize S canbe shavn to be (Yoonand
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Yeh1976).
CAX = —D (18)

in which elements, j of C andD aregivenby

I n Il n
K ok . k k
Cj= > apidpj;  d=3 > agi (Vs —Yp) (19)
k=1p=1 k=1p=1
Then x n systemof linear equationds solved to obtainthe correctionsAx, i =1,2,---,n. The

parameterareupdatedusing(7), in which p, canbeassumedOptimalvaluesof p, canbedeter
minedby thequadratidnterpolationmethodsuggestethy YoonandYeh(1976).Iterationscanbe
terminatedvhenS convergesandthe parametecorrectionsaretoo smallto make physicalsense,

or when||mx/x|| &~ machineprecision.

Minimax method

The objective of the minimax methodusedin the currentstudyis to determinethe parameters
X, 1 =1,2,---,n thatminimize the sumof the absolutevaluesof the maximumerrorsat eachof
thegagesThemaximumerrorses, e, ---eyn atgagedl, 2, - - -matary time duringtheentireperiod
are

g =max(ef)), k=1,2,...I, i=12...m (20)

Theobjectve functionselecteds

mine;+e+---+en (21)
If theparameters;, i =1,2,---,naresubjectedo smallchangedx;, i =1, 2,---,n, thensimulated
valuesyk, i =1,2,---,n, k=1,2--- 1, changeto (Y)kK=y/ + Ay¥, i=1,2,---.n, k= 1,2,---,1.

ExpressinghyK using(1), y< canbe expresseds
n
(YI,)k:ylk_*_za‘JAXJ |=1,2,,m,k:1,2,,| (22)
=1

The constraintausedto determinemaximumerror canbe setup by confiningthe new errorsafter

aparametecorrectionto be g for all stations.This conditionis givenby

(Y)-Yi|<q, for i=1,2---,m and k=1,2,---,k (23)



Substitutingfor (y))¥ using(22), (23) canbewritten as

5

< YKy fori=1,2,---,m andk=1,2,---,] (24)

1
He
>
X
@

aiAxj—e < —YX+y< fori=1,2---,m andk=1,2,---,| (25)

W:

Otherconditionscanalsobeincludedto keepthe solutionwithin limits. Upperandlower bounds

canbesetto the parametersising

Xi+0% < Xuw 1=12,...n (26)

Xi+0%> Xp i=12,...n (27)

in which, x; u» andx; 1, arethe upperandlower boundsof parametersn (8). The objectie func-
tion with 2 x | x m+ 2 x n constraintgorm alinearprogrammingproblem whichis solvedfor the
correctiong\x;, i = 1,2, -+, n usingthe simplex algorithm. Parametersreupdatedusing(7) until

the correctionsaretoo smallto make physicalsenseor ||mx/x|| ~ machineprecision.

APPLICATION TO THE UPPERNIAGARA RIVER
Themodelto be calibratedsolvesthe SaintVenantequationausingthefour pointimplicit method.
Thenumericalmethodis similar to thatusedby PotokandQuinn(1979). The SaintVenantequa-

tions consistof thefollowing continuityandmomentumequations:

oA 9Q

a5 + o 0 (28)
OQ 0 Q? oh  pplp
5 +0X(A)+QA&+T 0 (29)

in which, Q = dischage; A = flow area;h = water surface elevation; x = distancealongthe
river;t = time; p = densityof water; pp, = wettedperimeter;t, = shearstressat channelbottom
= (pgQ*n})/ (A’R(/3)); R = hydraulicradius= A/py; p, = wettedperimeter;n, = Manning's
coeficient. ny valuesfor thediscretizediver sectionsaretheunknovn parameters themodelto
be calibrated.

The map of the UpperNiagaraRiver is shovn in Fig. 1. In the map,the term NYPA stands
for New York Powver Authority hydropaverintake,andSAB standdor the Sir AdamsBeckpower
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plantintake on the Canadiarside. Theriver network is discretizednto 27 sections.The problem
involvescalibrationof the (n = 27) unknovn Manningscoeficientsto minimize the errorsat all

the gagingstations.Hourly waterlevelsbetweenFeb13, 1989,andFeb 16, 1989,areusedin the
following samplecalibrationto obtainManning’s coeficientsfor therangeof waterlevelsconsid-
ered. A completecalibrationrequiresdatafor a longerperiodof time, covering a wider rangeof
waterlevels. Thelist of 3 stationswith known dischagesand9 stationswith known waterlevels
availableto run the modelis shawvn in Fig. 1. Waterlevel gagesare markedasG1...G9 and
known dischagesmarkedasQ10...Q12. The upstreamendwaterlevel at Fort Erie gageG1l is
specifiedasthe upstreanboundarycondition,andthe downstreamenddischagesQ10,Q11 and
Q12 at the controldamandintakesare specifiedasthe downstreamboundaryconditions. Water
level gageG2is notusedbecauséts valueis very close(4-0.05ft) to thevalueof G3,andbothare
representetly only onenodein the 1-D model. Theremaining7 gagesmarked G3-G9areusedin

thecalibration.In the study the obsenationsandsimulationsat thesegagesaresimply referredto

asy; andy;, i =1,...,min whichm=7.

Calibration of individual model parameters
Thegeneralizedinearinverseformulationandsingularvaluedecompositiorareusedto calibrate
27 bedroughneswaluesns, . .. ny7 of the 27 river sectionsn the 1-D hydrodynamianodel. SVD
is neededn this casebecausehereareonly 7 obsenation stationsor 7 equationgo solve (5) to
determine27 unknowvn parametersAll theManning's coeficientsareassume@s0.025in thefirst
iteration.

Figure2 shavsthesensitvity matrix As indicatinglarge sensitvities of n, andng to almostall
the waterlevel gagingstations. In the figure, the circle diameterscorrespondo the sizesof the
elementsn, andns correspondo the rapidssectionsof the upperNiagarariver wherethedropin
waterlevel is about2 m andflow velocitiesreachapproximately2.6 m/s.

Figure3 shavstheconvergenceof afew selectedtableparameters,, ng, n11, N13, andnyg, and
therapidreductionof the errorvariancein waterlevelswith increasingrumberof iterations.The
rapid corvergenceindicatesthat the methodis capableof minimizing the biaserror asintended.

Figure 3 shavs thatthe methodalsoreduceshe meansquareerror during calibration. Sincethe
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problemis underdeterminedhe solutionshowvn in the secondrow of Table 1 is nonuniqueand
hasalargerandomerror. Parameteerrorvarianceis largefor relatively insensitve parametersas
shawvn laterin Fig. 7. Evenif theinsensitve parameterfiave a large variance the modelgivesa
gooderrorreductionasshovn in Fig. 4 becausehe modeloutputis not affectedby them.

The setof 27 parametersvith large errorshasa limited use. However, the by-productsof the
methodsuchasthe singularvaluesandsingularvectorscanbe usedto understandhe parameters
of themodelin greatdetail asexplainedbefore. Threeof the new linearly independenparameter

correctionobtainedusingAz = VT Ax of (11) areshavn below.

An] =& 0.712An3+ 0.687An; + 0.093ANn4 + 0.043AN11+..., A;=81210 (30)
An;  ~ 0.594An;1+ 0.364ANn16+ 0.317AN21 + 0.253AN 9+ ..., A2 =2269 (31)
An; = 0.622An;6+ 0.406ANn;7+ 0.346AN21 4+ 0.22ANp4+ ..., Az = 1572 (32)

in which, An3, An3, ... arethe component®f the vectorAz representingien independenparam-
etervariations. Thesevariationsare madeup of linear combinationsof old parametewvariations
Ang, Any.... The coeficientsin front of Anq,An;..., which form Anf, are obtainedfrom the
columnsof V. Variationsof the new parametersin’ arerelatedto variationsin the modeloutput,
AnF, throughthe relationshipAh = AjAny, which is similar to (10) whenthe modeloutputvaria-
tion is replacedoy a negative outputerror. Thesingularvaluesh; of themodel81210,2269,1572,
827,782,476 and22, (nearesinteger) shav the dominationof the calibrationby a smallnumber
of parametegroups.The singularvaluesshow thatthe rank of the (7 x 27) sensitvity matrixis 7
andthatonly 7 independenparametegroupscanbeidentifiedin the problem.

The singular vectorsof V written as (30)...(32) shov the three most important parameter
groups. SingularvaluesA; provide estimatesof the sensitvities. The equationsshow that ad-
justmentof the group of parametersconsistingof mainly n3 andn, asindicatedby the strong
coeficients0.712and0.687,cantake careof about93 % of the overall calibration.Parameters,
andng representhe narrav rapidssectionof theriver thathasa controlling effect on the overall
waterlevels. Parameter®11, nig... form anothelindependengroup.

The linear combinationsof variationsof the modeloutputarerelatedto Anj,An5... through

theequatiormh* = UTmh.

Ah] =~ —0.544Ahg — 0.458A\h7 — 0.457Ahg — 0.414Ahg+... A1 = 81210 (33)
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ARy~ 0.627Ahy + 0.607Ahs +0.287Ahs — 0.17QAhg +...  Ap = 2269 (34)
Ahy ~ —0.930hs + 0.265Ah, + 0.2100hg + 0.11QAhg +... Az = 1572 (35)

in which, Ahj, Ahj, ... arethe elementsof vectormh* madeof linear combinationsof variations
of waterlevelsAhy,Ahy, ..., Ahy which correspondo gagesG3-G9. (33)-(35)show thatthe new

parameten] usessimulationerrorsin waterlevelshg, h7, hg, he... for calibration,andparameter
n5 useserrorsin hy, hz... for calibration. Approximateequalityof coeficientsin (33) shawvs that

all the gageshave the sameinformationrequiredto calibraten]. Parametem’ however requires
informationmostlyfrom h, andhgz (G6 andG5) asshown by coeficients0.627and0.607.

Figure5 shaws the parameteresolutionmatrix obtainedusing (13). In the figure, parameter
correctionsin groupsng...,N14 andnyg,...,N24 arethe leastresolhed. ny7 is the mostresoled,
becauseherearetwo gagesatbothendsof thereach.Parametersvithin alongriverreachwithout
gagingstationsin the middle are not sufficiently resoled, and behae asa group. Any further
resolutionof parametersvithin thesezoness not possiblebecaus®bsenation pointscannotdis-
tinguish betweenroughnessesf any two sectionswithin a groupif the grouplies betweentwo
gages. It is alsounnecessaryo resohe the parameterary further unlessthe modelis usedto
estimatethe waterlevelsattheinterior points.

Theaccurag of theparametecorrectiongs of theordermlin asshown by (12). If asmallcutoff
valueAnin is selectedthe parametersvill have largererrors. If alarge cutoff is selectedpnly a
few parametegroupswill be selectedasexplainedbefore. With a very large cutoff, the number
of parametersnay notbe adequaté¢o representhe physicalsystemandsufficiently minimizethe
errors. The next sectionsncludesdeterminatiorof an optimal parametedimensionbasedon the
parameteuncertaintyandtheleastsquareoutputerror.

Thecorrelationmatrixin Fig. 6 shavsthegroupbehaior of the parametersThefigure shavs
the strongcorrelationamongparametegroupsng. ..Ng, Ng...N12, N13...N15, N1g...N18, N1g...N24,
Nys...Nxs. Themapin Fig. 1 shavsthatthesegroupscorrespondo river reachesvith waterlevel
gagesatbothends.Next sectiongdescribehe calibrationusingparametegroups.

Calibration of parameter groups
Calibrationof the individual parametersn the previous sectionshows that they tendto group

togetherasindicatedby the correlation resolutionandV matrices.In the SVD methodexplained
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earlier singularvectorsin V couldimplicitly make useof thesegroups.However, 27+1computer
runswereneededor oneiterationof thecalibration.In this section,n orderto reducethenumber
of runsandobtainmorestableparametersvith low errorvariancesy new groupsof parameterare
createdrom the original parametersisingthe informationavailablefrom the previous section.A
singleparametewalueis assignedo all the parameterin a group. The parametegroupscreated
in thismannerareshavn in Table2 andaremarkedasmy ... ;. Thenumberof groupsis limited
to 7 becausét is therankof As.

To studythe effect of the numberof parametegroups,or parametedimensionon the output
errorandparameteuncertaintythe7 parametegroupsarecombinedagainwith eachotherto form
smallernumbersof parametegroups. Column4 of Table 2 for exampleshovs how parameters
Ny ...Np7 arecombinedto form 4 groups. Figure 7 shaws the variation of the outputerror and
parameteuncertaintywith differentnumbersof parametegroups.The meansquarebiaserroris
usedto measurehe outputerrorin which biasis the averagedifferencebetweernthe obseredand
simulatedwaterlevels. An approximateestimateof the parameteerroror uncertaintyis computed
usingthe apressiomz/A%in, which is approximatelyequalto theinfinite normof the covariance
matrix. Figure7 shows that the parametemuncertaintyincreasesnd the outputerror decreases
with increasinghumberof parametegroups.Thefigure alsoshows thatthe outputerrorvariance
doesnot reducemuchwhentherearemorethan3 parametersWith morethan3 parametersthe
parameteuncertaintyincreasesThefigureshavstheexistenceof anoptimalparametedimension
of about3 for the problemwhereboththe outputerrorandparameteuncertaintyarelow.

SVD with 7 parametegroupsshavn in Table2 gave ameansquarediaserrorof 7.23x 104 m?
after 7 iterationsshawing that the calibrationis successfukven if thesehandpicled parameter
groupsarenot exactly the singularvectorsin (30)-(32). The conditionnumberof the 7 x 7 group
sensitvity matrixis 150198/23.8which shavs thatthe matrix is nonsingularandit is possibleto
usethe Gauss-Nerton methodfor comparison.The parameteresolutionandcorrelationmatrices
of the 7 parametegroup calibration(not shavn) indicatethat the handpicled parametegroups
aresuficiently resohedandindependent.

The third andfourth rows of Table 1 showv the valuesof parameter®btainedby calibrating
the handpicled 7 and3 groupsof parametersisingSVD. All theseareevendeterminedoroblems

thatcanalsobe solved using Gaussiarelimination. The valueof a single parametethatfits the
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entireriver network is foundto be0.03022 with anoutputmeansquarebiaserrorof 6.1 x 102 mé.

Calibration using Gauss-Newtomand Minimax methods

The Gauss-Neton andminimaxmethodsarealsousedto calibratethe same7 handpicledparam-
etergroupsfor comparison.Thefinal Manningscoeficientsafter5 iterationsof calibrationusing
both methodsare shawvn in Table 3 alongwith the sumof error variancesand meansquarebias
errors.Thelargestcorrectionrequiredon the Manningscoeficientsafter5 iterationsof the Gauss-
Newton methodis approximately0.00002 andthe largestcorrectionrequiredafter 8 iterationsof
theminimaxmethodis approximately0.00005.Theiterationswereterminatedat this pointdueto
thesmallnes®f theadjustment.

During thecalibrationusingthe Gauss-Neiton method,p wasassumea@sO0.75duringthefirst
two iterations,and 1.0 afterwards. Larger valuesof p wereavoidedduringfirst few iterationsto
avoid crashinghe model. The Gauss-Nwton methodrequiredthe leastamountof computertime
andthefastesrateof corvergence.

The minimaxmethodis the mosttime consumingoecausef thelinear programming(LP) al-
gorithm. Thecomputettime requiremenincreasedvith thenumberof time stepsn thesimulation
runsbecausd increasedhesizeof thelinearprogrammingproblem.A Sparcl+ computemsing
the IMSL packageneededl0-60minutesof computertime for a singleiterationof the minimax,
whencomparedwith split secondsieededoy othermethods. Table 3 shows that parametewal-
uesareapproximatelythe samefor the mostimportantparametegroupmy consistingof n; ... ng.
Plotsof the obseredandsimulatedwaterlevels usingall threemethodsdo not shav ary visually

detectablalifference.

CONCLUSIONS

SVD is usefulin identifying andunderstandingnarbitrarynumberof parametersvhenthe equa-
tionsinvolved areoverdeterminedeven-determinedynderdeterminedr singular Calibrationof
the 27 parametersn the Niagarariver modelusingdifferentnumbersof parametegroupsshov
that the modelhasa maximumof 7 independenparametegroups,andthe optimum parameter

dimensionis about3.
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The study shaws that the underdeterminedientificationproblemwith 27 parameterganbe
reducedo aneven-determinedr anover-determinegroblemby creatinga numberof parameter
groupsequalto therank of the sensitvity matrix (7) or less. The groupscanbe createdusingthe
informationfrom parametespaceesolutionmatricescorrelationmatrices singularvectorsor the
geometricalayoutof theriver system.Parametergorrespondindo river reachedetweengages
appearas groupsin the correlationand resolutionmatrices,and thereforecan be consideredas
groups.Onceparametegroupsarecreatedsuchthatthe problemis neitherunderdeterminedor
singular optimizationmethodssuchasthe GaussNewton and minimax methodscanbe usedto

carryoutthe samecalibration.

15



ACKNOWLEDGEMENTS
Thestudywaspartially supportedy theNew York Paver Authority throughcontractNo. 029494-

89 entitled“Upper NiagaraRiver Ice DynamicsSimulation”. Mr. RandyCrissmaris the Contract-

ing Officer’'s representatie. The authorwishesto thankProf. H. T. Shenfor having him in his

researchieam.

16



APPENDIX I. REFERENCES
Beck, M. B. (1987).“WaterQuality Modeling: A Review of the Analysisof Uncertainty”, Water
ResourcefResearci23(8),1393-1442.

Becler, L. , Yeh,W. W-G. (1972).“ldentification of parameteren unsteadypenchannellows”,
WaterResource®kesearciB(4),956-965.

Becler, L., Yeh, W. W-G. (1973). “Identification of multiple reachchannelparameters” Water
ResourcefResearc/P(2),326-335.

Chiu, Chao-Lin,(1978). “Kalman Filter in OpenChannelFlow Estimation”,J. of Hydr. Engg,
ASCE,104(8).

Forsythe,E. Geoge, Malcom, A. Michael,andMoler, B. Cleve, (1977), ComputerMethodsfor

MathematicalComputationsPrenticeHall Inc.

Forsythe,E. G., Malcom A. M., andMoler, B. C. (1977). Computermethodsfor mathematical

computationsPrenticeHall, Inc.

Fread,D. L., andSmith,G. F. (1977). “Calibrationtechniquedor 1-D unsteadyflow models”,J.
of theHydr. Div., ASCE,104,July, 1027-1043.

KatopodesN. D., Jyh-Hav Tang,andClemmentsAlbert J. (1990). “Estimationof Surfacelrri-
gationparameters”J. Hydr. Engg, ASCE,116(5),676-696.

Menele, William, (1984). “Geophysicaldataanalysis:discreteinversetheory”, AcademicPress,

Inc., New York.

Noble, B., and Daniel, J. (1975). Applied Linear Algebra PrenticeHall Publishers Englevood
Cliff, NJ.

Potok,A. J.,andQuinn,F. H. (1979),“A HydrodynamicModel for the UpperSt. LawrenceRiver

17



for WaterResource$Studies”,WaterRes.Bull., 15(6).

PressW. H., Flannery B. P, Teukolsky, S. A., andVerrering,W. T. (1989). NumericalRecipes,
the Art of ScientificComputing CambridgeJniversity PressCambridge.

UhrhammerR. A. (1980)."“Analysisof SeismographiStationNetworks”, Bull. of the Seis.Soc.
of Americg 70(4),1369-1379.

Ward,S. H., PeeplesW. J.,andRyu, J. (1973).“Analysisof Geoelectromagnetibata”, Methods
in ComputationaPhysics13, AcademicPressNew York, 13,226-238.

Wiggins,R. A. (1972).“The GeneralLinear InverseProblem:implicationsof surfacewavesand

freeoscillationsfor surfacestructures” Rev. GeophysiceandSpacePhysics10,251-285.

Willis, RobertandYeh, W-G. William (1987). GroundvaterSystemsPlanningandManagement

PrenticeHall, Inc.

Yeh, W. W-G., and Beclker, L. (1973). “Linear programmingand channelflow identification”,
Journalof the HydraulicsDivision, ASCE,99(11),2013-2021.

Yoon,Y. S.,andYeh,W. W-G. (1976). "Parameteidentificationin anInhomogeneou®edium
with the Finite-Elemenimethod”,Soc. Pet.Eng. J.,217-226.

18



APPENDIX Il.  NOTATION

Thefollowing symbolsareusedin the paper

sensitvity matrix [a¥;]

crosssectionalreaof achannel

S A

sensitvity of j th waterlevel with respecto i th parameteattime k.
intermediatevariable definedas U' €5 which give linear combinationsof
differencesn waterlevels

waterlevel atgagei

time stepnumber

numberof time steps

numberof obsenationstations

groupvaluesof handpicledparameters

numberof parameters

Manning’s coeficient

Manning’s coeficient of river section]

new parametecombinationobtainedusingthe SVD method
dischagein achannel

rankof the matrix, or numberof singularvaluesused
numberof iterations

hydraulicradius

parameteresolutionmatrix

m x mandn x n matricesof orthogonakingularvectors
agenericsymbolfor parameter

obseredwaterlevel atnodej attimek (m)
simulatedwaterlevel atnodej attimek (m)

vectorof parametecorrectiongng, ny.. .)T
vectorconsistingof summation®f errors

summatiorof errorsatgagej overtime
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N diagonalmatrix of singularvalues

Ai ithsingularvalue

pi,j correlationamongparametecorrections
T, Shearstressatchannebottom

Y2  covarianceof parametecorrections
Subscripts
S summatiorovertime

r iterationnumber
Superscripts

k valueattime stepk
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Figures

Fig 1. Map of theupperNiagaraRiver.

Fig 2: Sensitvity matrix (Max diameter=31519)gagesG3-G9aremarkedas1-7.
Fig 3: Cornvergenceof parameterandreductionof errorswith iterations.

Fig 4. Obseredandsimulatedwaterlevelsaftercalibration.

Fig 5: Parameteresolutionmatrix (Max. Diameter= 0.96).

Fig 6: Correlationmatrix (Max diameter= 1.0).

Fig 7: Variationof outputerrorandparameteuncertaintywith parametedimension.
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Tablel: Manning’s Roughnes€oeficientsobtainedusingSVD
Param. | 1 2 3 4 5 6 7 8 9

Indiv. 0273 .0321 .0352 .0280 .0226 .0239 .0237 .0208 .0248
7groups| .0329 .0329 .0329 .0329 .0329 .0226 .0226 .0226 .0229
3groups| .0327 .0327 .0327 .0327 .0327 .0220 .0220 .0220 .0238

Param. | 10 11 12 13 14 15 16 17 18

Indiv. .0267 .0258 .0211 .0286 .0269 .0099 .0166 .0203 .0200
7 groups| .0229 .0229 .0229 .0263 .0263 .0263 .0194 .0194 .0194
3groups| .0238 .0238 .0238 .0238 .0238 .0238 .0220 .0220 .0220

Param. | 19 20 21 22 23 24 25 26 27

Indiv. .0239 .0268 .0284 .0277 .0133 .0183 .0346 .0255 .0223
7groups| .0261 .0261 .0261 .0261 .0261 .0261 .0261 .0261 .0007
3groups| .0238 .0238 .0238 .0238 .0238 .0238 .0238 .0238 .0238

KEY WORDS
Bedroughnesgalibration,canalnetwork, Openchanelflow Hydraulics,Inverseproblem,param-
eteridentification, Singularvalue decomposition|eastsquare,Gauss-Nwiton, Linear Program-

ming,
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Table2: Parametegroupsformedby combiningindividual reachparametersall groupsarecom-

binationsof the 7 basicgroupsin column2

Groupsof Numberof par. groups
Original andformation
Parameters 7 |5 (4 |3 |2 |1
Ni...Ns my | mg [ mg | My | mg | My
Ne...Ng M | M| My M| M| M
Ng...N12 Mg | Mg | Mg | M| My | My
Ni3...Ms5 | Mg | My | Mg | Mg | N | M
Nig...N1g | Mg | M5 | My | Mp | M | My
Nig...MN2g | Mg | Mg | M | Mg | Mp | M
N27 M7 | Mg | M3 | Mg | My | M

Table3: Resultsof the calibrationof 7 handpiclked parametegroupsusingdifferentmethods

Group Min. Bias | LeastSqr | Minimax
1 0.03289 | 0.03200 | 0.03296
2 0.02270 | 0.02539 | 0.02558
3 0.02282 | 0.02546 | 0.02504
4 0.02615 | 0.02504 | 0.02239
5 0.01948 | 0.02570 | 0.01816
6 0.02948 | 0.02541 | 0.02371
7 0.00701 | 0.02501 | 0.02408
Err. Variance(n?) | 0.00187 | 0.00959 | 0.05361
MeanSq. Bias(m? | 0.00072 | 0.00848 | 0.05332

23



Parametern Individual | 7 groups| 3 groups
1 0.0273| 0.0329| 0.0327
2 0.0321] 0.0329| 0.0327
3 0.0352| 0.0329| 0.0327
4 0.0280| 0.0329| 0.0327
5 0.0226| 0.0329| 0.0327
6 0.0239| 0.0226| 0.0220
7 0.0237| 0.0226| 0.0220
8 0.0208| 0.0226| 0.0220
9 0.0248| 0.0229| 0.0238

10 0.0267| 0.0229| 0.0238
11 0.0258| 0.0229| 0.0238
12 0.0211| 0.0229| 0.0238
13 0.0286| 0.0263| 0.0238
14 0.0269| 0.0263| 0.0238
15 0.0099| 0.0263| 0.0238
16 0.0166] 0.0194| 0.0220
17 0.0203| 0.0194| 0.0220
18 0.0200| 0.0194| 0.0220
19 0.0239| 0.0261| 0.0238
20 0.0268| 0.0261| 0.0238
21 0.0284| 0.0261| 0.0238
22 0.0277| 0.0261| 0.0238
23 0.0133] 0.0261| 0.0238
24 0.0183] 0.0261| 0.0238
25 0.0346| 0.0261| 0.0238
26 0.0255| 0.0261| 0.0238
27 0.0223| 0.0007| 0.0238
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